It is widely accepted that there is strong persistence in the volatility of financial time series. The origin of the observed persistence, or long-range memory, is still an open problem as the observed phenomenon could be a spurious effect. Earlier we have proposed the consentaneous model of the financial markets based on the non-linear stochastic differential equations. The consentaneous model successfully reproduces empirical probability and power spectral densities of volatility. This approach is qualitatively different from models built using fractional Brownian motion. In this contribution we investigate burst and inter-burst duration statistics of volatility in the financial markets employing the consentaneous model. Our analysis provides an evidence that empirical statistical properties of burst and inter-burst duration can be explained by non-linear stochastic differential equations driving the volatility in the financial markets. This serves as an strong argument that long-range memory in finance can have spurious nature.
Introduction
We have to acknowledge that current understanding of the financial fluctuations and the nature of microscopic market interactions remains limited and ambiguous [1] [2] [3] . This imposes a natural limits on estimating risk in the financial markets and is directly related to the complex market dynamics involved [4] [5] [6] . Statistical physics is a useful tool to deal with complexity in the financial markets [7] [8] [9] as a greater insight is achieved using advanced methods of empirical analysis [1, [10] [11] [12] .
A major problem in the modeling in finance is related to the double stochastic nature of the fluctuations in the real markets. First of all there is a wide consensus on the need to model the behavioral opinion dynamics of the traders in the financial markets [13] [14] [15] [16] [17] [18] [19] and many models proposed are able to explain the fat tails and the volatility clustering. Usually these models describe oversimplified stochastic behavior with a limited number of the parameters and statistically adjusted values, which are not universal for the various definitions of the financial variables and various other statistical properties. Seeking for the heuristic model with universal parameters it is necessary to combine endogenous (agent-based) fluctuations with exogenous noise arising from the information or the order flow. Starting from the phenomenological stochastic modeling of return [20] we have proposed the consentaneous agent-based and stochastic model [21] (further in the text we refer to this model as the consentaneous model), which reproduces probability density function (PDF) and power spectral density (PSD) of the absolute return in the financial markets. The endogenous dynamics of volatility in this model is based on the stochastic differential equations (SDEs) derived for the infinite number of agents with global herding interactions. The time series of the high-frequency return in this model are generated by combining endogenous volatility with exogenous Gaussian fluctuations. First of all the consentaneous model with the same set of parameters reproduces PDF and PSD of absolute return for various assets and different markets. The statistical properties of the consentaneous model scale in the same way as the empirical data does for different return time-scale.
Later it was shown that the consentaneous model is able to explain various statistical properties of the high volatility return intervals extensively studied before in [22] [23] [24] [25] [26] . Our empirical study [27] using the consentaneous model across a wide range of time-scales from one minute to one month has demonstrated that proposed concept of financial fluctuations allows to understand statistics of volatility return intervals. In that study it was shown that for the sufficiently high values of the threshold the PDF of volatility return intervals has universal scaling with the prevailing power-law exponent 3/2. This inspired us for the further empirical study of burst and inter-burst duration PDFs for the time series of trading activity and absolute return (see [28] ), which are usually considered to have the long-range memory. The powerlaw with exponent 3/2 in burst and inter-burst duration PDF probably means that Markov processes might be behind the stochastic dynamics of financial markets.
Here we employ the consentaneous model to demonstrate how various noises overlap and coexist finally resulting in the observed statistical properties of the burst and inter-burst duration. Being based on a Markov processes the consentaneous model helps us to explain the spurious nature of the long-range memory in the financial markets. In Section 2 we shortly discuss the structure of the consentaneous model, in Section 3 we compare empirical and model statistical properties of the burst and inter-burst duration, in Section 4 we analyze the effect of the various noises included in the consentaneous model on the PDFs of the burst and inter-burst duration. Finally we conclude the results presented in this paper.
Consentaneous model of the financial markets
We have already used the consentaneous model [21] to reproduce and explain the statistical properties of the volatility return intervals [27] and to argue for the necessity of the exogenous noise in the modeling of financial markets [29] . Here we describe the model in a very general terms seeking to reveal its relevance to the problem of the long-range memory. As was demonstrated in [28, 30] the burst and inter-burst duration PDFs help to discriminate between two different origins of the observed long-range memory. The fundamental power-law with exponent 3/2 indicates about one-dimensional Markov processes in the origin of fluctuations when deviations from this law might be related with true long-range memory processes such as fBm. Our preliminary empirical analysis of the FOREX data [28] confirmed the presence of power-law with exponent 3/2 for the time series of trading activity and absolute returns. Here we demonstrate how the consentaneous model can be used to show that the financial markets might be driven by the long-term stochastic process described by non-linear SDE.
First lets recall that time series of return r δ (t) = lnP (t) − lnP (t − δ) related with market price P (t) in sufficiently short time period δ, of one minute order, is defined in the model as [21] 
here ω(t) denotes a Gaussian exogenous noise, related to the order flow fluctuations, and σ(t) is the slowly varying endogenous volatility (assumed to be almost constant for the time windows of width δ). Volatility being result of agent dynamics itself is a double stochastic process defined by ratio y(t) = 1−n f n f of chartists 1 − n f and fundamentalists n f as well by the mood of speculative traders ξ(t),
here the empirical parameter a 0 determines the impact of the agent dynamics on the observed time series. We account for the daily seasonality observed in the real data by introducing a periodic time dependence [21] of volatility
where w = 0.25 quantifies the width of intra-day pattern. The most important part of this approach is related to the stochastic processes n f (t), y(t) and ξ(t), which can be modeled using ordinary SDEs and they are thus Markov processes. Nevertheless, even in this case Markov processes σ(t) and y(t) exhibit the long-range memory properties, such as power spectral density S(f ) ∼ f −β with β ≈ 1. Lets recall the SDEs defining these stochastic processes in the consentaneous model
where the inter-trade time τ (n f ) takes the form
with empirical parameter a τ . Equations (4) and (5) describe long term stochastic dynamics of the fundamentalists n f and the stochastic dynamics of chartists' mood ξ (which is h cc times quicker). The both processes are defined by the global herding interactions among the traders making choice between fundamental and speculative trading behavior in Eq. (4) and between optimism and pessimism in Eq. (5). All parameters of the idiosyncratic agent transitions ε cf (chartists-fundamentalists), ε f c (fundamentalists-chartists) and ε cc (optimists-pessimists or pessimists-optimists) are normalized here by the herding parameter h, defining the main slow time scale of agent dynamics between the chartists and the fundamentalists. W f and W ξ are independent standard Wiener processes, parameter α = 2 is defined by the empirical analyses of the trading activity and the return [31] [32] [33] [34] . Eqs. (4)- (6) serve as a macroscopic description of the agent-based (endogenous) dynamics and together with Eqs. (1) and (2) they constitute a complete set of equations behind the consentaneous model.
The key stochastic variable in this model is the ratio y(t) = 1−n f n f defined by SDE (4) with the trading activity given by (6) . This can be written in the form of knotty equation, but let us write an almost equivalent non-linear SDE for y applicable for the symmetric τ introduced in [30] dy = ε 1 y
It is worth to not here that the SDE for y belongs to the class of equations generating stochastic variables with power-law properties in the first and second order statistics, see few other papers on the subject [35] [36] [37] . It is very important for this contribution that despite few other noises present in the consentaneous model main statistical properties of return time series may arise from the general class of non-linear SDEs.
3 Comparison between the model and the empirical PDFs of the burst and inter-burst duration
In [28] we have made empirical evaluation of the PDFs for the burst and inter-burst duration in the filtered time series of the FOREX absolute return and trading activity. It was expected that the deviations from the power-law with exponent 3/2 would give us an indication of the true long-range memory as theory predicts for the processes such as fBm. Such test is not unconditional as a real processes such as the volatility in the financial markets is more complicated than one-dimensional stochastic processes. Thus this and any other empirical tests should be evaluated while taking into account the structure of the stochastic processes present in the financial markets. From our point of view the consentaneous model provides such structure and with success reproduces the other statistical properties of the empirical time series. Here we compare the statistical properties of the burst and inter-burst duration in the filtered FOREX time series of the absolute return. The burst and inter-burst durations are considered as two distinct threshold passage events -first describes return of the signal to the threshold from above and is denoted as T , while the second describes return to the threshold from below and is denoted as θ, see [28] for the details. We use here the same set of model parameters as in [27] : ε cf = 1.1 and ε f c = 3, ε cc = 3, H = 1000, a 0 = 1, a τ = 0.7, α = 2 and h = 0.3 · 10 −8 s −1 . All the parameter values are Fig. 1 and PDFs of θ in Fig. 2 . Note that this threshold set will be used through out all subsequent figures in this contribution. Lets recall that the consentaneous model was built to reproduce PDF and PSD of the absolute return time series. It does it with high precision and for δ = 1/390 empirical and model data give us, for example, values of exponents for PSD β 1 = 1.4 and β 2 = 0.5, see [28] for details. The value of Hurst parameter, defined from the standard relation with the exponent of PSD β = 2H + 1, is H = (β 1 − 1)/2 = 0.2. Thus the exponent of corresponding burst and inter-burst duration distribution 2 − H = 1.8 should be expected, [38] . This implies a meaningful deviation from the expected 3/2 law, which should be observable in the PDFs of the burst and inter-burst duration, if the considered time series were one-dimensional stochastic Markov processes.
One can observe in Fig. 1 and Fig. 2 a very good coincidence of the T and θ PDFs for a few assets traded on FOREX and the consentaneous model given for wide choice of the threshold values. The model PDF for different values of the threshold q scales precisely in the same way as empirical PDFs do. Considerable deviation of the model from empirical data is observed only for PDF of θ, when the threshold is very low (q = 0.3). This is the case, when interplay of fluctuations related to exogenous noise, daily seasonality and speculative trading is the most important and complicated.
In the previous empirical study [28] we have concluded that these results serve as an argument that dynamics of the volatility in the financial systems probably is based on Markov processes. So good correspondence of the consentaneous model with the empirical data adds confidence to the more detailed investigation of the spurious memory in the financial markets using the proposed consentaneous model. Certainly, this model allows us to evaluate the contribution of all fluctuations to the burst and inter-bust PDFs included and accounted there. In the following section we will decompose the consentaneous model looking more deeply into behavior of the burst and inter-burst duration.
Contribution of the various noises to the PDFs of burst and inter-burst duration
Let us to simplify the consentaneous model by excluding all other noises and processes except the slowest one y(t), which is defined by Eqs. (4) and (6) evolving according to the non-linear SDE similar to (7), having the time scale parameter h = 0.3 · 10 −8 s −1 . Note here that real time t is scaled in Eq. (7) t s = h · t. Such model assumption would would mean the case, where return r(t) is replaced by the average values in the subsequent time intervals δ of onedimensional stochastic process y(t). Here it is easy to predict the PDF of the burst and interburst duration, taking the power-law form with the exponent 3/2 and exhibiting the exponential cutoff for extremely long durations. The explicit form of PDF for the burst duration with high threshold values was derived in [39] and numerical analyses of burst and inter-burst duration for y(t) defined by Eq. (7) is given in [30] . From our point of view, the statistical properties of the return in the financial markets first of all are driven by the endogenous stochastic opinion dynamics described by the variable y(t). In Fig. 3 and Fig. 4 we demonstrate the PDFs (red curves) of the burst and inter-burst duration, accordingly, calculated numerically from Eqs. (4) and (6) for various values of thresholds. In Fig. 3 the observed cutoff of the power law 3/2 for duration values T 10 3 days is in agreement with theoretical prediction in [39] .
Next lets introduce the speculative dynamics of chartists modeled by the stochastic variable Figure 3 : PDFs of the burst duration T for the model time series of absolute return calculated with various model compositions. r δ (t) = y(t) series with (red curve), r δ (t) = |y(t)ξ(t)| series (green curve), r δ (t) = b 0 (t)(1 + a 0 (|y(t)ξ(t)|) series (blue curve). Values of the threshold q are the same as in Fig. 1 . The straight gray curves are shown to guide the eye showing a power-law with exponent 3/2. Figure 4 : PDFs of the inter-burst duration θ for the model time series of absolute return calculated with various model compositions. r δ (t) = y(t) series with (red curve), r δ (t) = |y(t)ξ(t)| series (green curve), r δ (t) = b 0 (t)(1 + a 0 (|y(t)ξ(t)|) series (blue curve). Values of the threshold q are the same as in Fig. 1 . The straight gray curves are shown to guide the eye showing a power-law with exponent 3/2.
ξ(t). Now the variable |y(t)ξ(t)| becomes double stochastic, but still we neglect seasonality b 0 (t). PDFs of the burst and inter-burst duration in this case are given as the green curves in Fig. 3 and Fig. 4 accordingly. As one can observe in Fig. 4 , the double stochastic nature of the process increases the exponent of power-law in the region of the longer duration θ > 1. Obviously this could be confused with similar behavior of the true long-range memory processes with correlated increments having the exponent of PDF γ = 2 − H, when Hurst parameter is H < 0.5. Probably this could be a problem when we have to decide from the empirical series which process is in the origin of the observed deviation from the main law of 3/2. Fortunately for the intra-day time scales of duration T , θ < 1, where ξ(t) dynamics dominates against y(t), the double stochastic process |y(t)ξ(t)| exhibits power-law with exponent 3/2 as well. PDF of T in Fig. 3 exhibits only power-law 3/2 in the region T 1 with subsequent exponential cutoff.
Another component of the consentaneous model is related to daily seasonality introduced as periodic pattern in Eq. (3). To account for the daily seasonality in FOREX we use here the width of intra-day pattern w = 0.25, which is the only difference with parameter set used in [27] . We use the blue curves to plot the PDFs of the burst, Fig. 3 , and the inter-burst, Fig. 4 , duration in the return series r(t) = b 0 (t)(1 + a 0 |y(t)ξ(t)|) still keeping ω(t) ≡ 1. In this very simplified version of seasonality we observe minor contribution to the statistical properties of burst and inter-burst duration as green and blue PDFs practically coincide, though some resonance structure can be observed in Fig. 4 .
In the full scale model, when we account for the exogenous noise ω(t) the interplay of all its components becomes more sophisticated. Fig. 5 and Fig. 6 are almost equivalent to Fig. 3 and Fig. 4 , where the meaning of the colors are the same with only the difference that now we switch the exogenous noise, ω(t), on and use standard deviation filter as in Fig. 1 and Fig. 2 . These figures are really illustrative showing us how the three independent Markov type noises and regular periodic fluctuation b 0 (t) interact generating complex enough behavior of burst and inter-burst duration PDF.
The interaction of the one-dimensional Markov process y(t) with exogenous Gaussian noise ω(t) is nicely reflected by red curves in Fig. 5 and Fig. 6 . The interplay of the two independent noises leads to the considerable deviation of the burst and inter-burst duration PDF from the power-law 3/2. For the longer duration the exponent increases and for the short duration decreases. Note that there is no considerable region in Fig. 5 and Fig. 6 , where fundamental power-law is valid for red curve PDFs. This is qualitatively different behavior than in the full scale consentanous model and empirical analyzes [28] .
The deviations from power-law with exponent 3/2 are more pronounced, when we add to the model one more independent Markov noise ξ(t), green curves in Fig. 5 and Fig. 6 . The effect is really strong for the low values of threshold q. It would not be reasonable to expect power-law with exponent 3/2 in the model if we were neglecting the regular pattern of seasonality.
Fortunately the intra-day movement of the trading activity accounted by the regular pattern b 0 (t) in the model considerably changes the PDF of burst and inter-burst duration, see blue (1) and (2) . r δ (t) series with b 0 (t) = ξ(t) ≡ 1 in the model (red curve), r δ (t) series with b 0 (t) ≡ 1 (green curve), full scale r δ (t) model (blue curve). Values of the threshold q are the same as in Fig. 1 . The straight gray curves are shown to guide the eye showing a power-law with exponent 3/2. curves in Fig. 5 and Fig. 6 . Note, that these model PDFs are the same as black curves in Fig. 1 and Fig. 2 . Thus the full scale model, including all necessary noises of this complex system, is able to reproduce the empirical properties of the burst and inter-burst duration and explain the presence of considerable region in PDF with power-law exponent 3/2. This serves as a strong argument that the absolute return fluctuations in the financial markets is a result of the interplay of at least three independent Markov noises and one regular movement of activity related with some intra-day pattern b 0 (t).
Conclusions
The consentaneous model of the financial markets [21] was proposed to reproduce PDF and PSD of the absolute return. Despite its capability to reproduce in details second order statistics usually considered as long-range memory of volatility, the model is memory-less as being based on agent and stochastic dynamics having Markov nature. Thus we consider the consentaneous model as exhibiting spurious nature of long-range memory arising from the interplay of independent endogenous and exogenous stochastic processes together with the regular intra-day movement of the trading activity. In our previous empirical study [28] we have concluded that observed power-law with exponent 3/2 in PDF of burst and inter-burst duration confirms the possible spurious nature of long-range memory in finance. Nevertheless, this argument was not satisfactory, as exponent 3/2 is a signature of Markov process only for one-dimensional stochastic fluctuations. The financial fluctuations are complicated enough as origin from endogenous and exogenous stochastic processes [29] , thus the tests of long-range property is not straightforward.
Here we provided detailed numerical study of the consentaneous model analyzing its capability to reproduce the burst and inter-burst duration PDF of the absolute return in the FOREX. Our results confirm that the proposed model with the same set of the parameters is able to reproduce different statistical properties of the financial markets including PDFs of the burst and inter-burst duration for the various values of the threshold. Furthermore, with detailed analyzes how various noises interplay in the model we provided an evidence for all of its constituents: three state agent dynamics, exogenous noise and intra-day pattern, are important to get into agreement with empirical data. Our main conclusion in this contribution is that the consentaneous model is a strong argument for the spurious nature of long-range memory arising as a consequence of the non-linear stochastic dynamics.
